the tolerance levels (64-1) and (64-2), employed in combina-

tion, characterize the algorithm as a whole; and the tolerance
level (64-3) characterizes the one~dimensional search for the
gradient stepsize.

6.2. safeguards. For the gradient phase, the parameter

P, appearing in Ineq. (59-2) was set at the level
P,=10. (65)

The tolerance level (65) limits the constraint violation which
is permissible during the gradient phase. Also for the grad-
ient phase, the number of Hermitian search steps NS required to

satisfy Ineq. (60) was subject to the upper bound
M. <5. (66)

6.3. Nonconvergence Conditions. The sequential gradient-

restoration algorithm was programmed to stop whenever violation

of any of the following inequalities occurred:13
Ncg 3015 N <100, Nr_<_ 10, (67)
Nbgf 10, Nbrf 10, Niwis 5% (68)
M<0.83E+75. (69)

3Inequality (69) is characteristic of the IBM370/155 computer.

R——
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Here, Nc is the number of cycles, N is the total number of
iterations, Nr is the number of restorative iterations per
cycle, Nbg is the number of bisections of the gradient stepsize
] required to satisfy Inegs. (59), N, is the number of bisec-
tions of the restoration stepsize required to satisfy Inegs.

(62), N is the number of bisections of the gradient stepsize

bc
required to satisfy Ineq. (63), and M is the modulus of any of

the quantities employed in the algorithm.
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7o Numerical Examples

In this section, eight numerical examples are described
employing scalar notation. In particular, the symbols
xi(e),i= l,...,n, denote the components of the original state
vector; the symbols yi(e),i==l,...,k, denote the components of
the auxiliary state vector; the symbol u(6) denotes the origi-
nal control variable (a scalar in the examples reported here);
the symbol w(®) denotes the auxiliary control variable (a scalar);
and the symbol T denotes the final time.

For all of the examples, a time normalization is used in
order to simplify the numerical computations. Specifically,

the actual time 6 is replaced by the normalized time |
t=906/1, (70)

which is defined in such a way that t=0 at the initial point

and t=1 at the final point. The actual final time 1, if it

is free, is regarded as a parameter to be optimized. Thus, the
dimension of the parameter is p=0 if 1 is fixed and p=1 if 1
is free.

The dot denotes derivative with respect to the normalized

time, i.e.,
%, =dx,/dt, >'<2=dx2/dt,..., >‘<n=dxn/dt, (71)

§'l=dyl/dtr )./2=dy2/ldt,-.-, }.’kzdyk/dt . (72)




Concerning the convergence history, the terminology is as

follows. Nc denotes the cycle number, Ng is the number of
gradient iterations per cycle, Nr is the number of restorative
iterations per cycle, N is the total number of iterations, P
is the constraint error, Q is the error in the optimality con-
ditions, and I is the value of the functional being optimized.

Example 7.1. This example involves (i) boundary condi-

tions of the fixed endpoint type, (ii) fixed final time 1=1,
and (iii) a linear state inequality constraint of the first

order. Problem Pl is as follows:

1
I= (xi+-u2)dt, (73-1)
0
%, = %2y (73=2)
1 1 4
x,-0.920, (73-3)
X1(0)= 1, (73-4)
xl(l)= I (73-5)

In this formulation, the unknowns are the state variable xl(t)
and the control variable u(t).
We introduce the auxiliary state variable yl(t) and the

auxiliary control variable w{t) defined by
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2
xl—0.9=yl p Yy =w.

With this understanding, Problem P2 is represented by

1
1= | X+ud)at,

0
§<l=xi—u, frl=w,

2 -
xl-\1-2ylw—-0,
xl(O) =R yl(O) =V (0.1},

xl(1)= 15

AAR-137

(74)

(75-1)

(75-2)

(75-3)

(75-4)

(75-5)

In this formulation, the unknowns are the state variables xl(t),

yl(t) and the control variebles u(t), w(t).
Since L0 is linear in X1
variable X; is possible through the relation

. 2
xl~—J.9+y1.

As a consequence, Problem P3 is represented by

1

I= [(0.9+yi)2+u2]dt.
0

yl =w,

the elimination of the state

(76)

(77-1)

(17=2)
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Table 11. Convergence history, Example 7.3, Problem P3.

NC Ng Nr N P Q I

0 0 0 0 0.16E+01

1 0 3 3 0.18E-14 0.25E+01 2.85114
2 1 2 6 0.62E-17 0.18E-01 2.10447
3 1 i 8 0.58E-14 0.14E-02 2.09848
4 1 1 10 0.21E-15 0.24E-02 2.09655
5 1 L 12 0.25E-17 0.52E-03 2.09564
6 1 1 14 0.28E-17 0.91E-03 2.09511
7 1 1 16 0.30E-18 0.26E-03 2.09475
8 1 E 18 0.17E-19 0.49E-03 2.09449
9 1 1 20 0.32E-19 0.15E-03 2.09429
10 1l 1 22 0.30E-21 0.29E-03 2.09414
11 1 0 23 0.63E-08 0.93E-04 2.09396

Table 12. Converged solution, Example 7.3, Problem P3.

L | ¥q u 4 ;
3

0.0 1.0000 0.4472 1.3996 -1.5648 ‘

0.1 0.9748 0.2912 1.0572 -1.5571

0.2 0.9786 0.1364 0.7671 -1.5001

0.3 1.0104 0.0217 0.6495 -0.6543

0.4 1.0400 -0.0063 0.8809 -0.0475

0.5 1.0500 -0.0066 1.1025 -0.0011

0.6 1.0400 -0.0064 1.2823 0.0488

0.7 1.0104 0.0219 1.3921 0.6566

0.8 0.9786 0.1365 1.1485 1.4981

0.9 0.9748 0.2912 0.8432 1.5572

1.0 1.0000 0.4472 0.6005 1.5646

1=1.00000
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Table 13. Convergence history, Example 7.4, Problem P2.

NC Ng Nr N P Q a

0 0 0 0 0.54E+01

1 0 3 3 0.85E-08 0.18E-01 1.24356

2 1 1 5 0.19E-11 0.55E-02 1.23749

3 1 1 7 0.98E-16 0.20E-02 1.23593

4 1 i 9 0.13E-16 0.15E-02 1.23520

5 il 1 11 0.98E-19 0.69E-03 1.23481

6 1 L 12 0.20E-18 0.11E-02 1.23438

7 1 0 14 0.14E-08 0.24E-03 1.23427

8 1 1 16 0.10E-18 0.63E-03 1.23405

9 1 0 17 0.27E-08 0.97E-04 1.23391

Table 14. Converged solution, Example 7.4, Problem P2.

t X1 x2 Y y2 u w
0.0 0.0000 0.0000 1.0000 -1.0000 0.9911 -1.0000
0.1 0.1568 0.3090 0.8312 -1.1438 0.9914 -0.8258
0.2 0.3099 0.5875 0.6421 -1.2580 09555 -0.6201
0.3 0.4558 0.8081 0.4380 -1.3342 0.8903 =0.3579
0.4 0.5875 0.9494 0.2247 -1.3778 0.7875 -0.2128
0.5 0.7040 0.9999 0.0062 -1.4010 0.6968 -0.0726
0.6 0.8059 0.9541 ~0.2139 =1:3972 0.5969 0.1308
0.7 0.8902 0.8143 ~0.4308 -1.3576 0.4717 0.3785
0.8 ¥.9527 0.5924 ~0.6383 -1.2776 03211 0.6398
0.9 0.9901 0.3108 -0.8301 =1.1572 01517 0.8893
1.9 1.0000 0.0000 -0.9999 -1.0000 -0.0262 1.1049

T=1.00000

v o =y
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Table 15. Convergence history, Example 7.4, Problem P3.
N N
g ) I

0 0 0 0 0.79E+00

1 0 3 3 0.33E-09 0.14E-02 1.23414

2 1 3 5 0.27E-16 0.16E-03 1.23377

3 1 0 6 0.91E-10 0.44E-04 1.23373

Table 16. Converged solution, Example 7.4, Problem P3.
0.0 0.0000 0.0000 .0000 -1.0000 0.9874 -1.0000
0.1 0.1555 0.3090 .8312 -1.1448 0.9846 -0.8395
0.2 0.3076 0.5882 .6417 -1.2633 0.9542 -0.6571
0.3 0.4538 0.8098 .4361 -1.3482 0.8996 -0.4231
0.4 0.5884 0.9515 .2200 -1.3969 0.8104 -0.1994
0.5 0.7075 0.9999 .0009 -1.4115 0.7039 0.0126
0.6 0.8089 0.9508 .2216 -1.3932 0.5848 0.2199
0.7 0.8906 0.8090 .4369 -1.3425 0.4537 0.4251
0.8 0.9509 0.5880 .6417 -1.2597 0.3112 0.6282
0.9 0.9879 0.3092 .8311 -1.1453 0.1578 0.8279
1:0 1.0000 0.0000 .0000 -0.9999 -0.0053 1.0214
tT=1.57079
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Table 17. Convergence history, Example 7.5, Problem P2.
Ng N P Q I
0 0 0 0 0.76E+01

i § 0 4 4 0.93E-08 0.15E-01 5.94696
2 1 1 6 0.88E-16 0.33E-02 593350
3 1 ¥ 8 0.10E-15 0.15E-02 5.92983
4 1 1 10 0.18E-19 0.62E-03 5.92838
5 1 i) 12 0.15E-18 0.42E-03 5.92763
6 1 0 13 0.40E-08 0.23E-03 5. 92713
7 1 0 14 0.34E-08 0.13E-03 5.92683
8 1 0 15 0.70E-08 0.16E-03 5.92658
9 1 0 16 0.76E-08 0.42E-04 5.92646

Table 18. Converged solution, Example 7.5, Problem P2.

3 x5 41 Y2 “ 3
0.0 0.0000 1.0000 0.3872 -1.2909 -4.4309 1.4169
0.1 0.0794 0.6055 0.2655 -1.1399 -3.4551 1.6124
0.2 0.1243 0.3091 0.1600 -0.9654 -2.4738 1.9045
0.3 0.1445 0.1096 0.0741 -0.7394 -1.5065 2.7869
0.4 0.1497 0.0129 0.0162 -0.4002 -0.4453 3.8483
0.5 0.1499 0.0000 -0.0040 -0.0012 0.0323 4.0484
0.6 0.1497 -0.0128 0.0160 0.3994 -0.4435 38T TF
0.7 0.1445 -0.1096 0.0739 0.7407 -1.5101 2.7892
0.8 0.1243 -0.3092 0.1600 0.9659 =2.4733 IS he
0.9 0.0794 -0.6055 0. 2655 1.1400 -3.4547 1.6104
1.0 0.0000 -1.0000 0.3872 1.2909 -4.4300 Laql 57

1=1.00000




Table 19.

eyt ey e T U

Convergence history, Example 7.5, Problem P3.

N P I
g Q
0 0 0 0 0.44E+01
1 0 2 2 0.69E-10 0.25E+00 6.14402
2 1 1 4 0.10E-09 0.16E-01 5.95065
3 1 i 6 0.28E-16 0.41E-02 5.93466
4 1 1 8 0.12E-15 0.16E-02 5.93041
5 1 1 10 0.42E-19 0.76E-03 5.92872
6 1 1 12 0.21E-18 0.46E-03 5.92786
i 1 0 13 0.64E-08 0.29E-03 5.92727
8 1 0 14 0.44E-08 0.13E-03 5.92693
9 1 1 16 0.30E-21 0.23E-03 5.92676
10 1 0 17 0.38E-09 0.41E-04 5.92661
| 1
Table 20. Converged solution, Example 7.5, Problem P3. :
; xl x2 yl y2 u w |
|
0.0 0.0000 1.0000 0.3872 -1.2909 -4.4377 1.4258 %
0.1 0.0794 0.6054 0.2656 -1.1397 -3.4540 1.6117 i
0.2 0.1243 0.3091 0.1601 -0.9655 -2.4720 1.8973 1
0.3 0.1445 0.1096 0.0740 -0.7400 -1.5095 2.7963 |
0.4 0.1497 0.0129 0.0162 -0.3987 -0.4435 3.8649
0.5 0.1499 0.0000 -0.0038 0.0000 0.0308 4.0305
0.6 0.1497 -0.0129 0.0162 0.3987 -0.4435 3.8647
0.7 0.1445 -0.1096 0.0740 0.7400 -1.5096 2.7964
0.8 0.1243 -0.3091 0.1601 0.9655 -2.4720 1.8973
0.9 0.0794 -0.6054 0.2656 de 1397 -3.4540 1.6117
1.0 0.0000 -1.0000 0.3872 1.2909 -4.4377 1.4258
T=1.00000
i
L-L . o — it I e —




Table 21. Convergence history, Example 7.6, Problem P2.

N

;. Ng Nr N P 0 i:

0 0 0 0 0.53E+02

1 0 4 4 0.97E-10 0.20E+00 0.61522

2 1 2 7 0.19E-11 0.22E-01 0.33462

3 1 2 10 0.43E-15 0.46E-02 0.23701

4 1 2 13 0.14E-14 0.13E-02 0.18428

5 1 1 15 0.85E-10 0.37E-03 0.17757

6 1 1 17 0.20E-08 0.41E-03 0.17444

7 1 1 19 0.15E-11 0.80E-04 0.17283

Table 22. Converged solution, Example 7.6, Problem P2.

- x1 x2 yl u w
0.0 0.0000 -1.0000 1.5811 11.8479 -6.5926
0«1 ~0.0529 =0.2025 0.9902 4.0080 -5.3566
0.2 -0.0603 -0.0227 0.4927 -0.2990 -4.5906
0.3 -0.0691 -0.1922 0.1105 =2 71927 =2+7103
0.4 -0.1006 -0.4212 -0.0347 -2.0552 -0.4898
0.5 -0.1482 =0.5025 -0.0509 -0.4993 0.0316
0.6 =0.1957 -0.4203 -0.0186 1.2095 0.8015
0.7 -0.2275 -0.2047 01572 2+ 10387 2.8354
0.8 -0.2384 -0.0355 0.5055 0.9462 37765
0.9 -0.2387 0.0178 0.8730 0.2981 3.5047
1.0 -0.2352 0.0587 1.2005 0.7978 3.0240

1=1.00000
L ‘?—.‘"‘_‘ TIPS SR—— e it sttt o, ""”ﬂ*t"#"
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Table 23. Convergence history, Example 7.6, Problem P3. ﬂ

N Ng N, N P 0 T ‘
0 0 0 0 0.70E+02 i
1 0 4 4 0.26E-10 0.20E+00 0.62152 i
2 1 2 7 0.79E-09 0.12E-01 0.29797 e
3 1 2 10 0.31E-16 0.31E-02 0.20454 !
4 1 2 13 0.28E-14 0.23E-02 0.18697 |
5 1 1 15 0.13E-09 0.32E-03 0.17853
6 1 1 17 0.99E-09 0.40E-03 0.17288
7 1 1 19 0.33E-11 0.30E-04 0.17157

Table 24. Converged solution, Example 7.6, Problem P3.

t Xl X2 Yl u w
0.0 0.0000 -1.0000 1.5811 12.8747 -6.9174
0.1 -0.0503 -0.1664 0.9728 3.9858 -5.4232
0.2 -0.0550 -0.0038 0.4730 -0.4751 -4.5748
0.3 -0.0628 -0.1908 0.1043 -2.8834 -2.4311

* 0.4 -0.0943 -0.4203 -0.0195 -2.0359 -0.3992
0.5 -0.1417 -0.5007 =0.0275 -0.4961 0.0838
0.6 -0.1891 -0.4200 -0.0034 1.1839 0.5831
0.7 -0.2209 -0.2022 0.1492 2.1949 2.6900
0.8 -0.2311 -0.0261 0.4961 0.9679 3.8354
0.9 -0.2306 0.0234 0.8697 0.2259 3.5626
1.0 -0.2271 0.0534 1.2027 0.6597 3.0736
T=1.00000
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Table 25. Convergence history, Example 7.7, Problem P2.
Nc Ng Nr N P Q I
0 0 0 0 0.37E+02
1 0 4 4 0.30E-15 0.85E-01 097910
2 1 1 6 0.19E-08 0.32E-02 0.79284
3 i ik 8 0.18E-09 0.11E-02 0.75471
4 il 1 10 0.13E-14 0.36E-03 Q. 751312
5 1 1 12 0.24E-14 0.57E-03 0.74892
6 1 1 14 0.17E-15 0, LOE~03 0.74719
7 1 1 16 0.18E-15 0.34E~03 0.74585
8 14 1 18 0.28E-16 0.11E~-03 0.74482
9 1 1 20 0.21E-16 0.22E~-03 0.74399
10 1 i 22 0.55E-17 0.77E~-04 0.74332
Table 26. Converged solution, Example 7.7, Problem P2.
© Xq x2 Yy Y, u w
0.0 0.0000 -1.0000 1.2247 ~2.8577 -3.4340 0.8576
0.1 -0.1085 -1.1435 0.9426 -2.7882 =il /9189 0.6509
0.2 -0.2256 -1.1872 0.6675 -2,7060 =1.2952 1.0958
0.3 -0.3430 =1.1382 0.4038 =120 155 2il. 0.2239 1.9870
0.4 -0.4453 =05.8539 0.1591 -2.3435 3.6035 1.7528
05 -0.5049 -0.3254 -0.0706 -2.3029 4.9089 -1.1205
0.6 «0.5L59 0.0519 -0.3098 -2.4983 2.1866 =2.2304
0.7 -0.5044 0.1432 -0.5696 -2.6831 0.1680 =~1.3840
0.8 -0.4914 0.1087 -0.8434 -2.7809 -0.4350 ~0.6379
0.9 -0.4832 0.0585 =1.1239 -2.8211 =0.2957 =0.1943
1.0 -0.4778 0.0670 -1.4063 -2.8204 0.8164 0.2342
T = l.OOOOQ




Table 27. Convergence history, Example 7.7, Problem P3.

Nc Ng " N P Q I

0 0 0 0 0.40E+02

1 0 4 4 0.49E-18 0.89E-01 0.98869

2 1 e 6 0.44E-08 0.40E-02 0.79388

3 1 1 8 0.11E-11 0.36E~02 0.76835

4 1 L 10 0.24E~12 0.81E~03 0.75838

5 1 i1 12 0.19E~14 0.10E-02 0..75313

6 1 it 14 0.31E-14 0.32E~-03 0.75009

7 i 1 16 0.17E~15 0.49E-03 0.74799

8 1 1 18 0.19E~-15 0.17E-03 0.74647

9 il it 20 0.36E~-16 0.29E-03 0.74531

10 1 1 22 0.24E~-16 0.11E~-03 0.74441

191 1 1 24 0.62E-17 0.18E~03 0.74368

12 1 1 26 0.45E-17 0.76E~-04 0.74309

Table 28. Converged solution, Example 7.7, Problem P3.

E %y %5 Y1 Y - e
0.0 0.0000 -1.0000 1.2247 =2.85717 -3.4315 0.8565
0.1 -0.1084 -1.1428 0.9426 -2.7886 -1.9086 0.6433
0.2 -0.2254 -1.1858 0.6674 -2.7075 -1.2929 1.0830
0.3 =0.3428 =k 38l 0.4035 -2.5547 0.1944 2.0000
0.4 -0.4452 -0.8562 0.1588 =2,.3413 3.6041 1.8130
0.5 =0.5049 -0.3244 -0.0705 =2.2985 4.9466 ~1.1524
0.6 -0.5158 0.0532 -0.3095 -2.4985 2.1647 ~2.2655
0.7 =-0.5042 0.1427 -0.5694 -2.6843 0.1643 -1.3756
0.8 =-0.4912 0.1093 -0.8433 ~2.17809 -0.4146 -0.6262
0.9 -0.4828 0.0607 =123y -2.8205 -0.2915 ~0.1963
1.0 =0.4773 0.0654 -1.4061 -2.8212 0.7183 0.2035

T=1.00000
- . ‘ : ” — :
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Table 29. Convergence history, Example 7.8, Problem P2.

NC Ng Nr N P Q T

0 0 0 0 0.56E+02

1 0 7 7 0.15E-17 0.15E+03 276.22402

2 1 2 10 0.92E-21 0.10E+02 201.10661

3 1 1 12 0.52E-11 0.26E+01 193.87600

4 1 1 14 0.47E-14 0.51E+00 192.48949 '
5 1 1 16 0.16E-16 0.18E+00 192.13689 |
6 5 1 18 0.13E-18 0.41E-01 192.03952 |
7 1 a1 20 0.79E-21 0.15E-01 192.01184

8 1 0 21 0.92E-08 0.37E-02 192.00340

9 1 1 23 0.19E-22 0.13E-02 192.00105

10 1L 0 24 0.11E-09 0.41E-03 192.00023

11 1 0 25 0.12E-09 0.10E-03 192.00002

12 1 0 26 0.17E-09 0.55E-04 191.99993

Table 30. Converged solution, Example 7.8, Problem P2.

|
|

t x1 x2 x3 u

0.0 0.0000 1.0000 2.0000 ~23.9758 13
0.1 0.1062 1.0880 -0.1601 ~19.2074 1
0.2 0.2112 0.9839 -1.8405 ~14.3999 |
0.3 0.2981 0.7359 -3.0402 -9.5955 |
0.4 0.3551 0.3919 -3.7596 -4.7917 i
05 0.3749 0.0000 -3.9990 0.0000 3
0.6 0.3551 -0.3919 -3.7596 4.7918

0.7 0.2981 -0.7359 -3.0402 9.5958

0.8 02111 -0.9839 -1.8404 14.4002

0.9 0.1062 -1.0880 -0.1601 19.2058

1.0 0.0000 -1.0000 2.0000 23.9878 fl
= 73 Yy ¥3 2 T
0.0 0.7071 -0.7071 =2 1213 10.5894

0.l 0.6275 -0.8668 -1.0699 10.8698

0.2 0.5374 -0.9154 0. 1528 14.1789

() . 0.4492 -0.8191 1.8903 21.0205

0.4 0.3805 -0.5149 4.2429 23.5208 ,
0.5 0.3535 0.0000 56552 0.0000 |
0.6 0.3805 0.5149 4.2428 -23.5209 :
0.7 0.4492 0.8190 1.8904 -21.0209

0.8 0.5374 0.9154 0.1528 -14.1789

0.9 0.6275 0.8668 -1.0699 -10.8685

19 0.7071 0. 7071 -2.1213 -10.5979

+=1,00000
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Table 31. Convergence history, Example 7.8, Problem P3.

N, Ng N_ N P Q 1

0 0 0 0 0.39E+02

3 0 5 5 0.90E-18 0.40E+02 220.61775
2 1 1 7 0.75E-08 0.50E+01 196.13345
3 3 1 9 0.37E-15 0.12E+01 193.00474
4 1 1 11 0.15E-14 0.31E+00 192.27617
5 1 1 13 0.10E-18 0.99E-01 192.08057
6 1 1 15 0.45E-19 0.27E-01 192.02401
7 1 0 16 0.76E-08 0.90E-02 192.00723
8 1 1 18 0.94E-22 0.26E-02 192.00201
9 i1 0 19 0.60E-10 0.82E-03 192.00049
10 1 0 20 0.23E-09 0.29E-03 191.99995
11 1 0 21 0.24E-09 0.61E-04 191.99982

Table 32. Converged solution, Example 7.8, Problem P3.

t x1 x2 x3 u
0.0 0.0000 1.0000 2.0000 -24.0214
0.1 0.1061 1.0879 -0.1607 -19.2006
G2 g.2111 0.9838 -1.8406 -14.3974
0.3 0.2981 0.7358 -3.0401. =9.5932
0.4 03551 0.3918 -3.7591 -4.,7858
05 053749 0.0000 -3.9981 0.0000
0.6 023551 -0.3918 -3.7590 4.7858
8.7 0.2981 -0.7358 -3.0402 9.5932
a8 0.2111 -0.9838 -1.8406 14.3974
0.9 0.1061 -1.0879 -0.1607 1952006
L« @ 0.0000 -1.0000 2.0000 24.0213

t Y1 Yo Ys W
0.0 Qo UL -0.7071 =2 23 10.6217
@l 0.6275 -0.8668 -1.0693 10.8672
0.2 0.5374 -0.9153 R 1933 14.1786
Q.3 0.4492 -0.8189 1.8907 21.0169
0.4 0.3805 -0.5148 4,2423 23.5029
() 0w 3536 0.0000 56530 0.0001
0.6 0.3805 0.5148 4,2422 -23.5028
0.7 0.4492 0.8189 1.8908 =&l 0171
0.8 0.5374 0.9153 Qe L5313 -14.1786
0.9 0.6275 0.8668 -1.0693 -10.8671
&+ 0.7071 0.7071 -2, 1213 ~10.6217

1T=1.00000

S e
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8. Discussion and Conclusions

In this paper, we consider optimal control problems in-
volving the minimization of a functional subject to differen-
tial constraints, terminal constraints, and a state inequality
constraint. The state inequality constraint is of a special
type, namely, it is linear in some or all of the components
of the state vector.

A transformation technique is introduced, by means of
which the inequality constrained problem is converted into an
equality constrained problem involving differential constraints,
terminal constraints, and a control equality constraint. The
transformation technique takes advantage of the partial linearity of
the state inequality constraint so as to yield a transformed
problem characterized by a new state vector of minimal size.
This concept is important computationally, in that the compu-
ter time per iteration increases with the square of the di-
mension of the state vector.

In order to illustrate the advantages of the new trans-
formation technique, eight numerical examples are solved by
means of the sequential ordinary gradient-restoration algorithm for
optimal control problems involving nondifferential constraints
(Refs. 5-6). Two formulations are employed: that associated

with Problem P2 and that associated with Problem P3. If n

is the number of original state variables and k is the order

e e ey s e —
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of the state inequality constraint, the transformed Problem P2
is characterized by n2==n+-k state variables, while the trans-
formed Problem P3 is characterized by n3==n+-b state varia-
bles, with b < k.

For Examples 7.1 through 7.8, the convergence history and
the converged solution for both Problem P2 and Problem P3 are
given in Tables 1-32. To facilitate the comparison between
Problem P2 and Problem P3, summary results are presented in
Tables 33-36.

Table 33 shows the number of cycles Nc’ the number of
gradient iterations ZNg, the number of restorative iterations
ZNr, and the total number of iterations N for both Problem P2
and Problem P3.

Table 34 shows the CPU time for Problem P2, the CPU time
for Problem P3, the ratio of CPU times T3/T2, and the relative
saving in CPU time (TZ—T3)/T2. From Table 34, it appears that
savings in computer time ranging from 26.6% to 70.1? are obtained
by employing the formulation associated with Problem P3,
rather than the formulation associated with Problem P2.

Table 35 shows the CPU time per iteration for Problem P2,
the CPU time per iteration for Problem P3, the ratio of CPU
times per iteration T3/T2, and the relative saving in CPU time
per iteration (12- T3)/T2. From Table 35, it appears that

savings in computer time per iteration ranging from 15.1% to

S S N ———— A
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56.6% are obtained by employing the formulation associated with
Problem P3, rather than the formulation associated with Prob-~
lem P2. From Tables 34-35, the beneficial effects due to the
use of the new transformation technique are apparent.

Table 36 shows the value of the functional I at conver-
gence for both Problem P2 and Problem P3. It is clear that
the value of the functional I obtained with Problem P2 is the
same as that obtained with Problem P3 [of course, within the
tolerance limits specified by the stopping conditions(64)].

The converged state variables and control variables for
Problem P2 and Problem P3 are also the same [of course, within
the tolerance limits specified by the stopping conditions (64)].

This can be seen by inspection of Tables 1-32.
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Table 33. Summary results.

Problem P2 Problem P3
Example - 5

Nc ZNg 5 Nr N Nc % Ng o) Nr N
71 5 4 8 12 5 4 6 10
72 15 14 20 34 15 14 21 35
7.3 11 10 14 24 11 10 13 23
7.4 9 8 9 17 3 2 4 6
235 9 8 8 16 10 9 8 17
7.6 7 6 13 19 7 6 13 19
7.7 10 9 13 22 12 11 15 26
7.8 12 11 15 26 11 10 11 21

Table 34. Summary results.

Example T, T3 T3/T2 (T2—T3)/T2

(sec) (sec)
7.1 21.23 13.32 0.627 0.373
T2 103.34 75.94 0.734 0.266
7.3 43.99 29.42 0.668 0.332
7.4 66.79 20.03 0.299 0.701
7 63.44 gl 73 0.547 0.453
7.6 50.24 36. 51 0.726 0.274
74 81.99 595+ 61 0.578 0.322
7.8 171502 60.00 0.350 0.650

e T . SIEI I-'—w""“.‘-"m ‘l e L e e .;_x‘




Table 35.

Summary results,

Example T, Ty T3/T2 (TZ-T3VT2
(sec/iter) (sec/iter)

7.1 1.769 1.332 0.752 0.248

72 3.039 2.169 0.713 0.287

7.3 1.832 1.279 0.698 0.302

7.4 3.928 3.338 0.849 0.151

7.5 3.965 2.043 0.515 0.485

7.6 2.644 1E92i 0.726 0.274

P07 3.726 2.138 0.573 0.427

7.8 6.577 2.857 0.434 0.566

Table 36. Summary results.
1e Problem P2 Problem P3
P 0 I 2 Q I

7.1 0.92E-18 0.97E-04 1.65678 0.39E-19 0.91E-04 1.65675
7.2 0.73E~-14 0.62E-04 1.58304 0.33E-14 0.81E-04 1.58310
7.3 0.66E-08 0.98E-04 2.09396 0.63E-08 0.93E-04 2.09396
7.4 0.27E-08 0.97E-04 1.23391 0.91E-10 0.44E~04 1.23373
7.5 0.76E-08 0.42E-04 5.92646 0.33E-09 0.41E-04 5.92661
7.6 0.15E-11 0.80E-04 0.17283 0.33E-11 0.30E~04 0.17157
7.7 0.55E-17 0.77E-04 0.74332 0.45E-17 O0.76E-04 0.74309
7.8 0.17E-09 0.55E-04 191.99993 0.24E-09 0.61E-~04 19].99982
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Ye Appendix: Computational Effort

At each iteration of the gradient phase or the restora-
tion phase a linear, two-point boundary-value problem must
be solved. If the method of particular solutions (Refs. 7-9)
is employed in conjunction with the sequential ordinary
gradient-restoration algorithm for optimal control problems
with nondifferential constraints (Refs. 5-6), one must execute
ni4-p+-l independent sweeps of the linearized system goverriing
the variations associated with the gradient phase or the res-
toration phase, where n; 1s the dimension of the state.vector

and p is the dimension of the parameter.14 Note that

n

2=Il+k for Problem P2, (129-1)

n3==b4~k for Problem P3. (129-2)

Hence, the following factor is indicative of the algorithmic

time per iteration:

W= 2ni(ni+-p+-1), =2 0L 3 (130)

14The subscript i=2 is employed for Problem P2, and the g NI

cript i =3 is employed for Problem DP3.
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with the implication that
W2==2(n+k)(n-kk-+p-kl) for Problem P2, (131-1)
Wy= 2(b+k)(b+k+p+1) for Problem P3, (131-2) 'i

In certain applications, the nondifferential constraint
can be solved in terms of the original control u, assumed to

be a scalar. Then, one can arrive at a new formulation of

Problems P2 and P3, where the original control u is absent,
while the auxiliary control w is present. This procedure is
feasible with Examples 7.1, 7.3, and 7.5 through 7.8, owing to
the fact that the nondifferential constraint is linear in u.
It is not advisable with Examples 7.2 and 7.4, owing to the
presence of square roots (Example 7.2) and singularities
(Example 7.4) in the analytical solution for u.

For the sake of argument, assume that the above substitu-
tion procedure is employed. Then, one can use the sequential
ordinary gradient-restorationalgorithm for optimal control
problems without nondifferential constraints (Refs. 13-14).
Here, one must execute g+ 1 independent sweeps of the linear-
ized system governing the variations associated with the gra-
dient phase or the restoration phase, where g is the number
of final conditions. Hence, the following factor is indicative

of the algorithmic time per iteration:

e o e TR s i, =




S -

PRSSt ro i - iow e Ahc e

75 AAR-137 F
w, = 2ni(q4-1), i=2 or 3, (132) |
with the implication that
W,=2(n+k)(q+1) for Problem P2, (133-1) "
Wy = 2(b+k)(g+1l) for Problem P3, (133~2)

Numerical results illustrating the above analysis are
given in Tables 37-39. Table 37 contains the principal data
for Example 7.1 through 7.8, more specifically: the number of

original state variables n, the order of the state inequality

constraint k, the number of parameters p, and the number of
final conditions gq. The table also contains the dimension a

of the vector x,, the dimension b of the vector x the trans-

A B’
formed number of state variables n, associated with Problem
P2, and the transformed number of state variables ng associa-~

ted with Problem P3.

Table 38 pertains to SOGRA with nondifferential con-
straints (Refs. 5-6) and contains the work factor Wi,i= 2 or 3,
which is indicative of the algorithmic time per iteration [see

Egqs. (131)]. The table also contains the ratio W3/W2 and the

relative difference (WZ-W3VW2, which constitutes an upper
limit to the savings in CPU time per iteration to be expected
by using the new transformation technique in connection with

the algorithm of Refs. 5-6.




—=—

Finally, Table 39 pertains to SOGRA without nondifferen-

tial constraints (Refs. 13-14) and contains the work factor
wi,i==2 or 3, which is indicative of the algorithmic time per
iteration [see Egs. (133)]. The table also contains the ratio
W3/W2 and the relative difference(wj-W3VW2, which constitutes
an upper limit to the savings in CPU time per iteration to be

expected by using the new transformation technigue in connec-

tion with the algorithm of Refs. 13-14.
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Table 37. Principal data for the examples.

k b

3
=]

o
3

Example

g
Q
o

w

NNNNNNa
ST S
OO U W N
WNONNON N -
WNHNN R
coocoococokro
WO ONNHN
WRNHNF MR
cCoHOHOHO
OB WE B NDWN
WR NN W N

Table 38. Computational effort, SOGRA with nondifferential
constraints, Refs. 5-6.

Example W2 W3 W3/W2 (w2—w3)/w2 t
7. 12 4 0.333 0.667 i
3.2 30 16 0.533 0.467 {
e 12 4 0.333 0.667 ;
7.4 40 24 0.600 0.400 {
7.5 40 12 0.300 0.700 ;
7.6 24 12 0.500 0.500 f
y 40 e 0.300 0.700 ;
7.8 84 24 0.285 0.715 i

|

Table 39. Computational effort, SOGRA without nondifferential
constraints, Refs. 13-14.

Example w2 w3 w3/w2 (wz—w3)/w2
Pel 8 4 0.500 0.500
y 18 12 0.667 B3
Te3 8 4 0.500 0.500
7.4 24 18 0.750 0.250
135 24 12 0.500 0.500 .
7.6 6 4 0.667 0333 ‘
Ta? 8 4 0.500 0.500
7.8 48 24 0.500 0.500
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